Non-Poisson Counting

Suppose an aliquot of a laboratory sample is being analyzed for a radionuclide and the determinative step
of the analysis is a radioassay performed using a radiation counter. The aliquot initially contains N atoms
of the analyte, and each of these atoms will produce some nonnegative number of counts C; during the
assay. (N might be very large.) Assume the analyte’s decay chain includes one or more short-lived states
and that the atom emits radiation of some type when decaying from each state. So, each C; may be 0, 1,
or greater than 1.

Assuming the C; are independent and have the same mean E(C;) = u¢c and variance V(C,) = o2, the index
of dispersion’, or Fano factor, for the total number of counts produced by the N atoms is

:V(Zi’ilci) _ ZLV(C) _ Nog :O__é (1)
E(ZLC) ZLEEC) Nue e

So, the index of dispersion J is the same regardless of whether we consider the total counts obtained
from all N atoms of the analyte or just the counts produced by a single atom.

Question: What is the index of dispersion J for the number of counts C produced by one hypothetical
atom of analyte in the source?

Solution: We need expressions for the mean E(C) and the variance V(C), and both of these can be found
by conditioning on the history of the atom H.

E(C)=E(E(C|H)) and V(C)=V(E(C|H))+E(/(C|H)) 2)
For a particular history h,
ECI[H=h)=>¢ and V(C|H=h)=>g(-¢) (3)
reh, ref,

where A;, denotes the set of detectable radiations emitted by the atom in history h, and ¢, denotes the
instrument’s counting efficiency for radiation r." So, the mean E(C) is given by

E(C)=E(E(C|H))=)Y _Pr[H =h]E(C|H =h)=Y Pr{H =h]> ¢, (4)
h h reh,
where the outer sum is over all possible histories of the atom h, or all histories that produce detectable
radiation. The variance V(C) is found as follows:
V(C) =V(E(CIH))+E(V(CIH))

=E(E(CIH)*)-E(E(CCIH))*+E(/(C|H))

=E(E(C|H)*+V(C|H))-E(C)’

=> Pr[H =h](E(C|H =h)*+V(C|H =h))-E(C)?

h
2

=Y PiH =h]|| Y& | + D & -¢) |[-E(C) 5)

reh, reh,

=Y PrH=h]|| Y& | =D & |+ > Pr[H =h] D> & —E(C)’

rehy, rehy, h rehy,
2

=Y PrH=h]|| > & | =D & |+E(C)-E(C)’

reh, reh,

So, Jis given by

" The index of dispersion is defined as the ratio of the variance to the mean. For Poisson counting, J = 1.

T The symbol € denotes set membership. So, the sum is over all radiations r contained in the set A;,, which means all
radiations emitted in history h.
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_E(C)_1+ £G) E(C) (6)

where

S=) Pr[H =h] [Zgr] ->&| and E(QC)=YPrH=h]Y ¢ (7)
h h

reA, rehA, reA,

In many cases E(C) is very small, because C is almost always zero. In these cases we can use

J=1r—> (6
E(C)
Simplifying assumption: Assume the efficiency of the radiation counter is either ¢ or 0 for each radiation
emitted by the decaying atom. Let R denote the number of detectable radiations emitted by the atom (a
random variable). For a particular history of the atom, h, let R, denote the number of detectable radiations
emitted in that history (a number). In this case,

E(C)=¢) Pr[H =h]R, =£E(R) (8)
h
S=¢"> Pr[H =h] (R? - R,) = £’E(R* -R) 9)
h
where
E(R)=) P{H=h]R, and E(R*-R)=> Pi[H =h](R? -R;) (10)
h h

Notice that E(R*— R) = 0 unless there are histories h for which R, > 1.
Equation 6 then becomes

B E(R°-R)
J _1+g[—E(R) E(R)j (112)
and equation 6' becomes
314 ERZ-R) (11"
E(R)

When equation 11" is valid, it can be used to obtain bounds for the value of J. It is easy to see that
R?<R.,R (12)
where R, denotes the maximum possible value of R, or the maximum number of detectable radiations a
decaying atom of the analyte can emit. Therefore,
E(R*~R) < ERmaR ~R) = Rrax— DE(R) (13)
Equations 11' and 13 together imply
1<J<1+&e(R,—D (14)

Example 1: When analyzing a sample for *°Ra by counting emanated **’Rn in a Lucas cell, where Ry =
3 and ¢ = 0.75, inequality 14 implies 1<J <1+0.75(3-1)=2.5.
Example 2: When analyzing a sample for 234

implies 1<J <1+0.5(2-1) =1.5.

Th by beta-counting, where Ry, =2 and ¢ =~ 0.5, inequality 14
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Example 3: Consider the “°Ra analysis again. A slightly simplified decay chain for “"Ra is

226Ra—)222Rn—)218P0—)214Pb—)2145|—)214PO—)210Pb

Although #*°Pb is not stable, it is relatively long-lived, and we can consider it to be essentially stable when
calculating J. Number these states sequentially from 0 to 6. The history of a >°Ra atom in the sample
aliquot may now be defined by:

(a) the state, F, of the atom at the time when the Lucas cell is filled;

(b) whether the atom is recovered and captured in the Lucas cell (Y =1 or 0);
(c) the state, B, of the atom at the beginning of the counting measurement; and
(d) the state, T, of the atom at the end of the counting measurement.

We assume that Y = 0 unless F = 1. l.e., an atom can be recovered only if it happens to be in the **Rn
state when the Lucas cell is filled. Let

222 226

t, = time allowed for ingrowth of “““Rn from ““°’Ra (ending when the Lucas cell is filled);
tp = time from filling of the Lucas cell till counting begins;

ts = count time; and

& = counting efficiency for alpha-particles.

Then
6 6 6
E(R)=>>>PrY=1,F=i,B=jT=k]IR],, forn=1or2, (15)
i=0 j=i k=j

where R;x denotes the number of alpha-particles emitted as an atom decays from state j to state k. We
can omit histories where Y =0 (e.g., when i # 1) or where R; =0 (e.g., when j =6 or k=j). So,

5 6
E(R")=> > PrY=1F=1B=j,T =Kk]R], (16)
j=1 k=j+1
and we can calculate the probability of each remaining history as follows:
PrlY =1, F =1,B=j, T =k] =Pr[F =1]Pr[Y =1|F =1]Pr[B = j| F =1]Pr[T =k |B = j]
=R (t)PrLY =1|F =1]P, ; (tp) Pj « (ts)

where B ;(t) denotes the function that gives the probability that an atom initially in state i will be in state j

7)

after time t has elapsed. So,

5 6
E(R")=Ps(t,)PrlY =1|F =11 >R j(tp) D_Pjx(ts) R} (18)
j=L k=j+1
In theory,
i e*ﬂ«t o
R :j'iﬂ'i-#l"'ﬂ’j—lzj'— , fori<j, 19)
k=i H (;)'p _ﬂ“k)
Lo

where /; is the decay constant for state i, although other formulations may be better for accurate calcula-
tions. Note that Py 4(t)) is the probability that an atom of **°Ra (state 0) will be an atom of *’Rn (state 1)
after time t, has elapsed, and the long half-life of *’Ra makes this is a very small probability. So, E(R) is
very small, and we can estimate J by

zplj(to)z k(tS)(Rjk_ ik)
:1+g k=j+1 (20)

ZR[J(tD) ijk(tS)R

k=j+1

E(R?-R)
E(R)

J=1+¢

The following table shows the values of R; to be used in equation 20.
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k 2 3 4 5 6
j 218P0 214Pb 214Bi 214Po 210Pb
1 **Rn 2 2 3
2 pg 0 1 1 2
3 pp 0 0 0 1
4 214Bj 0 0 1
5 po 0 1

Note thatif j>2 ork<j+2, then Rjz'k =R, because R;x=0 or 1. So,

2 6

Y Rits) D Pilts) (RE, —Rjy)
D Rilto) D Piklts) R
=l

k=j+1

Equation 21 still needs simplification to be practical for implementation at a typical lab. With this goal in
mind, if we assume tp is long enough for the radon progeny to reach equilibrium, we can estimate

2 6 2 6
Z R.i(to) zpj,k (tS)(Rjz,k -Rjx) Zeﬂit'] Pi(to) ij,k(ts)(Rjz,k -Rjx)

E(R*-R) _ Jim A2 k=j+2 = k=j+2

ER) oo < © Mo :
R.j(to) ij,k(ts) Rj Ze R.j(to) ij,k(ts) Rjk
o

k=j+1 j=1 k=j+1

i

2 Ml Ay 6 ,
P; R? —R:
;(%—ﬂl)(ﬂe—ﬂl)...(lj_ﬂl)kgzj,k(ts)( ik —Rjx)

$ Ak ¢

P; R.
2 =Ty ) 2 S R

With a reliable algorithm (e.g., Siewers) for P;j(ts), this ratio can be calculated accurately. Since the ratio
is a function of ts but not tp, its values can also be tabulated easily.

(22)

ts/ min E(R?-R)/ E(R) ts/ min E(R?-R)/E(R)
5 0.269 400 1.760
10 0.413 500 1.808
15 0.502 600 1.840
20 0.566 700 1.863
30 0.665 800 1.880
60 0.907 900 1.893
90 1.107 1000 1.904
120 1.264 2000 1.952
150 1.385 3000 1.968
180 1.476 4000 1.975
210 1.547 5000 1.980
240 1.601 6000 1.983
300 1.680 oo 1.994

The limit as ts — o is based on the fact that

0 ifk<®,

23
1 ifk=6. (23)

tg—oo

If we define the cell calibration factor, CF, to be the ratio of the expected counts to the expected *’Rn dis-
integrations in the cell, and if we continue to assume equilibrium of radon and progeny, then
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CF = lim
tyn g A0 (1 g H5)  ]_g

exER) € i My Ay &
= (Ao = 2) Ay = 20)-+ (A = A1) Sy
Although the value of CF here appears to depend on the count time ts, the assumption of equilibrium

means that it does not. The value depends only on the efficiency and on the ratio of the total alpha activity
to the *’Rn activity, which remains constant at equilibrium. So, we can take the limit as ts — o to get

P, (ts) R 4 (24)

Ml
CF= R, , =3.0097 25
SZ% T~ 1)~y —A) ’ =

which implies ¢ = CF / 3.0097. Alternatively, we can consider an infinitesimal count time t; — 0 and apply
L'Hopital’s Rule to equation 24. The derivatives of P; (t) can be calculated using the Maclaurin series:

0 tk j+n

Pik® = A+ Aa 2 g Ay A~ (26)

where h,(x,X,,...,X,) denotes a complete homogeneous symmetric polynomial of degree n. The deriva-
tives at t = 0 are given by:

PO (0 ifn<k—j @
( ) A ﬂj-t—l ﬂk—lxhn—k-t—j(_ﬂjl_lj+l’-"’_ﬂk) if nZk—j
In particular, Pj;,,(0)=4; and P;,(0)=0 ifk>j+1. So,
A Ao
RlZ 4 R23
cr A Gy A= A= A=)
A
(28)
:g(“ b, Aofohds ]
=2y (B = 2)(s = ) (A = A)(As = A1)

=3.0097¢
NoTE: The factor 3.0097 is the ratio of the total alpha activity to the 222Rn act|V|ty at equmbrlum and equation 28
shows that it equals the sum of the equilibrium activity ratios for 2?Rn, ?*®po, and ?

We also have the mathematically less-than-obvious fact that for any count time ts,

5 Ml Ajq »
Z;‘ (Vo —20)(Pg—20) (A — 24) kzlPJ k(ts) Rj . =3.0097 (1-e5) (29)
= T

which makes E(R*-R)/E(R) slightly easier to calculate.

2 34/12'”/1' 6
ts) (R?
ER-R) 2 Ua e )y i) 2 Rk~ Ris) o)
E(R) 3.0097 (1-e %)
When we use the actual values of R;, we see that
E(R?2-R) 2Pl3(ts)+2Pl4(ts)+2PlS(tS)+6Pl6(tS)+2221121 P6(ts)
E(R) 3.0097 (1—e ) (31)

To obtain an equation that is more easily implemented in software or a spreadsheet, expand the function
P; «(ts) in the numerator of equation 30 and combine terms that have the same exponential factors.
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Z /1] IEE —1(Rj2,k Z

i1 (4 = A) (A —A) (4 — A) «S5he ﬁ(/’t ~2)
E(R*-R) _ ot
E(R) 3.0097 (1—e ")
(32)

ZG:aie“i‘S ag + ZS:ziie“itS

- Ii—e’ll‘s - 1—I_e’ﬂ1tS

where
min(i,2) 2 _R.
ai:ai z 26: A A (Rik R,,If) (33)
A k:max("ﬁz)(ﬂz—ﬂﬂ)(ﬂe—%)"'(/ﬁ—ﬂl)gj(/ip—ﬂi)

p=i
and where agq is the equilibrium alpha activity ratio:
Qeq =1+ & + Aoletuls =3.0097 (34)
=4 (=)A= A) A=) A5 — A1)

NoTe: If we try a similar trick on the denominator of equation 22, expanding P; (ts) and combining expo-
nential terms, equation 29 shows that we get

min(i5) 6 My Ay 4Rk ~ =l
> X — = ={ay ifi=6,
S5 demex (I (2, = )4 = A)-++ (4 = 4) TL(2, = 4) |0 otherwise
el
If we define M = (E(R* — R)/E(R)) / o, then we have
5
Co+ Y e
J=1+CFxM where M=—"="__— (35)
l1-e™
and where ¢; = &; / 0. The coefficients c; are listed below.
¢, = —0.666 536 563 852 €4 = —0.004 84332144608
C;= 0.000126 14664128 s~ 0
cz= 0.00873706508514 cs= 0.662516673571

Notice that M — ¢g as ts — o. S0, an upper bound for Jis 1 + CF x ¢4, and since, CF <3.0097, J never ex-
ceeds 2.994. SNote Although one mlght expect the maximum value to be exactly 3, it is slightly less than
3, because “*’Rn atoms that decay to ***Po before counting starts will generate fewer than 3 counts.)

Examining the coefficients c;, we see that the short half-life (162.3 ps) of ?1“po makes the value of ¢s so

small that we can neglect the corresponding term c,e % in the equation for M. The short half-life also

makes the exponential factor e % tiny for any feasible count time ts. So, we end up with the following
equations, which are easily implemented in an electronic spreadsheet.

4
Co+ Y cie s

J=1+CFxM  where lei—_% (36)

For tiny values of ts, equation 36 in practice may generate severe rounding errors. An application of
L'Hopital’'s Rule to equation 31, using the Maclaurin series to differentiate P;(t), gives the limit:
E(R?-R)

TTER) D 37)
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So,M—0andJ—1ast;— 0.

A double application of L’Hépital’s Rule to M/ts, still using equation 31 for E(R*— R) / E(R), leads to the
following limit;
E(R*-R)/E(R) _ 2R5(0) _ 4

lim M _ jim 2 %2 002492 min™ (40)
ts—0 '[S ts—0 tSaeq 2 ﬂlaeq Qgq

The time ts must be no more than a few seconds to make this limit useful for approximating M. The same
value for the limit can be found by differentiating equation 31 and applying L’'Hépital’s Rule once, although
that approach may require a little more work.

234Th analysis again. A simplified decay chain for **Th is

234-|—h N 234mPa N 234U

where the 0.16 % branch to “""Pa has been ignored. The half-life of “"U is so long that we can consider it
to be essentially stable. If we apply all the same tricks as in example 3 to beta-counting ***Th and ***"Pa
in equilibrium, we get

Example 4: Consider the

234 234

0 40/11...,1_
P. R?
ERP_R) 2 ChAa o) 0 Ao)k%’k(%)( bR

E(R) - ﬁeq (1_e‘%ts)
_Ra(ts) (RS2 —Ry2)
ﬂeq (]_ g s )
Voly e
L

p=0
p#i

where /o = 2(*'Th), 1, = A(*"™Pa), 4, = A(***U) = 0, and where f is the ratio of the total beta activity to the
%4Th activity at equilibrium:

(41)

A _2h-A
Loy =1+ = (42)
“ M=Ay A=A
Algebraic manipulation produces the following:
E(R?-R) 2 1—e Al 1—e s
= - 43
ER) ﬂeq(zi—zo)(ﬂi e | A e “
If the beta-particle counting efficiency is ¢, then
E(R*-R) 1—e s
J=1 =1 44
+e ER) + 2/?1 ) [21 Ao e (44)

2016-02-29 Page 7 of 7 McCroan



